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Birefringence is one of the fascinating properties of the vacuum of quantum electrodynamics 
(QED) in strong electromagnetic helds. The scattering of linearly polarized incident probe photons 
into a perpendicularly polarized mode provides a distinct signature of the optical activity of the 
quantum vacuum and thus offers an excellent opportunity for a precision test of non-linear QED. 
Precision tests require accurate predictions and thus a theoretical framework that is capable of 
taking the detailed experimental geometry into account. We derive analytical solutions for vacuum 
birefringence which include the spatio-temporal field structure of a strong optical pump laser field 
and an x-ray probe. We show that the angular distribution of the scattered photons depends strongly 
on the interaction geometry and find that scattering of the perpendicularly polarized scattered 
photons out of the cone of the incident probe x-ray beam is the key to making the phenomenon 
experimentally accessible with the current generation of FEL/high-field laser facilities. 

PACS numbers: 12.20.Ds, 42.50.Xa, 12.20.-m 


In strong electromagnetic fields the vacuum of quan¬ 
tum electrodynamics (QED) has peculiar properties. 
Fluctuations of virtual charged particles give rise to non¬ 
linear, effective couplings between electromagnetic fields 
[ll-Q, which, e.g., can impact and modify the propagation 
of light, and even trigger the spontaneous decay of the 
vacuum via Schwinger pair-production in electric fields 
i i i . Even though subject to high-energy experi¬ 
ments [3 , so far the pure electromagnetic nonlinearity of 
the quantum vacuum has not been verified directly on 
macroscopic scales. In particular, the advent of petawatt 
class laser facilities has stimulated various proposals to 
probe quantum vacuum nonlinearities in high-intensity 
laser experiments; see the pertinent reviews [7-ll| and 
references therein. One of the most famous optical sig¬ 
natures of vacuum nonlinearity in strong electromagnetic 
fields is vacuum birefringence 12 S3 , which is so far 
searched for in experiments using macroscopic magnetic 
fields [Hill. A proposal to verify vacuum birefringence 
with the aid of high-intensity lasers has been put forward 
by dll (cf. also [ 23 ), envisioning the combination of an 
optical high-intensity laser as pump and a linearly polar¬ 
ized x-ray pulse as probe; cf. also 21| who study x-ray 
diffraction by a strong standing electromagnetic wave. 
The basic scenario is depicted schematically in Fig. [T] 


In the present letter, we reanalyze vacuum bire¬ 
fringence in a realistic all-optical experimental setup, 
rephrasing the phenomenon in terms of a vacuum emis¬ 
sion process j22l| . and resorting to new theoretical in¬ 
sights into photon propagation in slowly varying inhomo¬ 
geneous electromagnetic fields [23 ■ Our study provides 
a new twist and perspective on the feasibility of future 
vacuum birefringence experiments, emphasizing the pos¬ 



FIG. 1: Sketch of the pump-probe type scenario intended to 
verify vacuum birefringence. A linearly polarized optical high- 
intensity laser pulse - wavevector k, electric (magnetic) field 
E (B) - propagates along the positive z axis. Its strong elec¬ 
tromagnetic field couples to the charged particle-antiparticle 
fluctuations in the quantum vacuum, and thereby effectively 
modifies its properties to be probed by a counter-propagating 
x-ray beam (wavevector k, polarization e). Vacuum birefrin¬ 
gence manifests itself in an ellipticity of the outgoing x-ray 
photons (wavevector k', polarization components along 
and e^^l). 


sibility of a background free measurement by exploiting 
the so far completely unappreciated diffraction spread¬ 
ing of the outgoing signal photons in a realistic experi¬ 
mental setup combining a high-intensity laser system and 
an XFEL source as envisioned at the Helmholtz Interna¬ 
tional Beamline for Extreme Fields (HIBEF) [^ at the 
European XFEL [13 at DESY. 

From a theoretical perspective vacuum birefringence is 
most conveniently analyzed within the effective theory 
describing the propagation of macroscopic photon fields 
in the quantum vacuum. The corresponding effec¬ 
tive action is S'eff[A, A] = S'mw[A] -I- S'int[A,A], where 
S'mw[A] = —\ (x) is the Maxwell action of 

classical electrodynamics, with denoting the field 
strength tensor of both the pump and the probe 
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field, i.e., + A^. The additional term 

SintiA,^] = A^{x)U^^'^'{x,x'\A)A^{x') encodes 

quantum corrections to probe photon propagation and 
vanishes for h ^ 0. All the effective interactions with 
the pump laser field are encoded in the photon polar¬ 
ization tensor {x, x'\A), evaluated in the A^ back¬ 

ground. In contrast to many previous calculations, based 
on in the limit of constant electromagnetic fields a 
posteriori equipped with a qualitative pulse envelope pro¬ 
file, here we account for the generically richer momentum 
structure in the manifestly inhomogeneous electromag¬ 
netic field of a realistic Gaussian laser pulse from the 
outset [^. In momentum space, 11'^'^ in inhomogeneous 
fields Afj,{x) generically mediates between two indepen¬ 
dent momenta and i.e., 11'^'^ = k\A), This 

prevents a straightforward diagonalization of the probe 
photons’ equation of motion, as possible in homogeneous 
fields [l2|,ll^, where fl^*^ only depends on the momentum 
transfer [k' — due to translational invariance. 

A particular convenient way to analyze vacuum bire¬ 
fringence in inhomogeneous electromagnetic fields is to 
phrase it in terms of a vacuum emission process 221. 


Viewing the pump and probe lasers as macroscopic elec¬ 
tromagnetic fields, and not resolving the individual pho¬ 
tons constituting the laser beams, the vacuum subjected 
to these electromagnetic fields can be interpreted as a 
source term for outgoing photons. From this perspective, 
the induced photons correspond to the signal photons im¬ 
printed by the effective interaction of the pump and probe 
laser beams. As sketched in Fig. [T] and demonstrated 
below, for a linearly polarized x-ray beam brought into 
head-on collision with a linearly polarized optical high- 
intensity laser pulse, the induced x-ray signal generically 
encompasses photons whose polarization characteristics 
differ from the original probe beam. In fact, a fraction 
of the induced photons is found to be polarized perpen¬ 
dicularly to the incident probe beam. This can be in¬ 
terpreted as a signal of vacuum birefringence induced by 
the strong pump laser field; cf. [2^. The outgoing x-ray 
beam, made up of the induced x-ray photons as well as 
the original probe beam which has traversed the pump 
laser pulse, then effectively picked up a tiny ellipticity. 

We assume a linearly polarized x-ray probe beam. 


,{x) = 

27r 


2 a;' 

peak field amplitude S 


. (A:) e“ ^ ^ ^ ^ 


of frequency 
and pulse duration 


Ap„be ’ 

T; eii{k) is the polarization vector of the beam and 
= (l,k), with unit wavevector k. In momentum 
space, the photon current generated by the pump 
and probe laser fields can be expressed as j^{k') = 

A^^''{-k', Qk\A)e^{k), 

and the single x-ray photon emission amplitude in 
the macroscopic electromagnetic field A^ is given by 


Sip){k') = 
Ip) 




where the polarization 


polarizations of the induced photons of four-momentum 
k'^ = aj'(I,k'). Employing S = a/ 2(/), with the probe 
mean intensity given by (/) = Jw, where J = ^ is 
the probe photon current density, i.e., the number N 
of incident frequency-w photons per area a and time 
interval T, the differential number of induced photons 
with polarization p determined with Fermi’s golden rule, 

d3;V(p) ^ ^ 


(S(p)(A;')| , can be represented as 


dS^rlp) = 


d^fc' 


(27r)3 
where we defined 


,*(p) 






\phjj 


J. ( 1 ) 


M>^''{-k',k\A) = V^- f 

2 J 2tt 

x^^^''{-k',u}k\A). (2) 

For a plane-wave probe beam, recovered in the limit 
T —>• oo, we have {—k', k\A)\T^oo = {—k', k\A). 

Choosing the outgoing polarization vector elf\k') per¬ 
pendicular to the incident one, the modulus squared term 
in Eg. (ITI) can be interpreted as polarization flip proba¬ 
bility [2(ij . 

We assume the high-intensity laser with normalized 
four wave vector = (I,ez) to be linearly polarized 
along Be = (cos(;!),sin(/), 0) (cf. Fig. [U where (j) = 0). 
The choice of the angle parameter (j) fixes the directions 
of the electric and magnetic fields (eg = eE\4,^,p+^)- 
Moreover, k^ = (0,k — (ic • k)k) and k'j^ = 

For the following discussion it is convenient to turn to 
spherical coordinates and express the unit momentum 
vectors as k = (cost/?sind,sinsind, — cost?), such that 
k|,j=o = —Gz, and likewise k' = . Corre¬ 

spondingly, the polarization vectors can be expressed as 
e^{k) = with 


cos ip cos d cos /3 -I- sin (/J sin /3 
2<p,i9,/3 = — ( sin v? cos ^ cos/? — cos sin/3 
sin 1 ? cos (3 


( 3 ) 


and e^jj‘\k') = (0,Without loss of generality 
is fixed by a particular choice of /?', and the per¬ 
pendicular vector by e^^\k') = 

On shell, i.e., for }A = = 0, the photon polarization 

tensor in a linearly polarized, pulsed Gaussian laser beam 
is of the following structure (cf. Eq. (16) of 23|) 


n^'^(—fc', wfc) = —uj'uj - g{k' — Cbk) 

TT 45 /cr 

X [4 {k'FY{kFY F 7 {k'*FY{k*FY] , (4) 

where g{k' — uik) = g(a;) is the Fourier 

transform of the normalized intensity profile of the pump 
laser in position space, g{x) = I{x)/Iq, with peak inten- 


vectors e/f (fc'), with p € {1,2}, span the transverse sity a = ^ and Ar = ~ 4.4- 10^® 
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is the critical intensity. Here, the tensor structure is ex¬ 
pressed in terms of (kF)^ = (k) cos (k) sin <j) and 

(k*FY = (fcF)^| 0 _> 0 +|, with e^k) = (-fcx, 0,-fcx) 
and e 2 (k) = (— fcy, 0, k/c, —fcy). The polarization depen¬ 
dence of the induced photon signal spanned by the two 
transverse polarization modes e^Y\k') is encoded in the 
tensor structure in Eq. (|T|) contracted with the polariza¬ 
tion vector of the probe beam and e*J'^\k'); cf. Eq. ([TJ. 
With the above definitions we obtain 

e*J'P\k') [4{k'FY{kFY + 7ik'*FY{k*FY] e^k) 

= (l-|-cos-d')(l-|-cosi?)[ 4 cos 7 'cosy-l-Tsiny'sin 7 ], (5) 

where "f = (p — [} — cj) and y = p' — P' — (j), i-e., Eq. ([5]) 
depends on the direction (ip, 9) and polarization (/3) of 
the incident probe photons, the polarization of the pump 
laser beam </>, as well as the emission direction (d'^p') 
and polarization (/?') of the induced photons. 

Plugging Eqs. dH)-® into Eqs. ([I|)-®, the differential 
number of induced photons can be represented as 


T and phase po), depending on the longitudinal (z) as 
well as the transverse (x, y) coordinates, is given by [261 


six) = 


e (t/ 2 )^ 


Wo 

■ e 


w(z) 




X cos(h(z -t) + - arctan(^) -h (po) 


(7) 


with w(z) = wq y'I -I- and Rayleigh range zh = 

In this letter, we consider three generic cases (cf. 
Fig. [2]), namely (a) the radius of the x-ray probe beam 
is significantly smaller than the beam waist of the pump 
laser, (b) the probe beam radius is substantially larger 
than the beam waist of the pump , and (c) an asym¬ 
metric x-ray beam profile which is substantially smaller 
than the beam waist of the pump laser in one, and larger 
in the other transverse direction. 



d3^(p) = 

(27r)3 TT w V90 7rr 2 / 


(27r)3 TT w V90/cr 2 
X [4 cos 7' cos 7 -I- 7 sin 7' sin 7] ^ 
dw 


27r 


e-3( = ) Cj g{k' - Cjk) 


J. ( 6 ) 


The total number of induced photons is obtained upon 
summation over the two photon polarizations p, i.e.. 
It can be inferred from Eq. m by substi¬ 
tuting [4 cos 7 'cos 7 -I- 7 sin 7 'sin 7 ]^ —>• [16 -I- 33 sin^ 7 ]. 

So far our considerations were valid for arbitrary col¬ 
lision geometries of the pump and probe lasers. Sub¬ 
sequently, we stick to the specific scenario of counter- 
propagating pump and probe beams, i.e., = ( 1 , —e^), 

as typically adopted in proposals for all-optical vacuum 
birefringence experiments [l9| to maximize the overall 
factor of (1 -|-cos'd)^|,j=o = 4 in Eq. ®. In this limit it is 
convenient to set p = 0, such that the polarization vector 
of the incident probe beam is = (0, — cos/3, sin/3, 0). 
Besides, it is beneficial to ensure to = 0, such that the 
two laser pulses have an optimal temporal overlap and 
the effect is maximized. The standard choice for scenar¬ 
ios aiming at the detection of vacuum birefringence in a 
high-intensity laser experiment is /3 = j —^ (cf. 0 ) , im¬ 
plying that the polarization vector of the incident probe 
photons forms an angle of j with respect to both the 
electric and magnetic field vectors of the pump laser; see 
Fig.[T] This ensures an equal overlap with the two photon 
polarization eigenmodes featuring different phase veloci¬ 
ties in constant crossed and plane wave backgrounds. We 
will also stick to this choice here. Note that the inten¬ 
sity profile of a linearly polarized, focused Gaussian laser 
pulse (frequency H = ^, beam waist wq, pulse duration 


FIG. 2: Pictogram of the three different cases (a)-(c) consid¬ 
ered in this letter. The circle (orange) is the cross section 
of the pump beam at its waist, and the filled circle/ellipse 
(purple) is the cross section of the probe beam. 


To tackle case (a) theoretically, we assume that the ra¬ 
dius of the probe beam is so tiny that basically all probe 
photons are propagating on the beam axis of the pump 
laser beam where the laser field becomes maximum, and 
hence do not sense the pump’s transverse structure. To 
this end, for g{x) we adopt the on-axis profile of a focused 
Gaussian laser pulse, i.e., do not account for the trans¬ 
verse structure of the beam, such that g{x) = 0 (a;)|x=y=o- 
Gorrespondingly, the transverse momentum components 
remain unaffected and we have k' = k = —e^, implying 
that the photons carrying the birefringence signal will be 
propagating in the direction of the original probe beam, 
and we can set p' = 0. This kinematic restriction re¬ 
quires w' = |fc'|, but allows for fc' Y k^ and w' Y w. 
In the evaluation of Eq. we can then make use of 
the homogeneity in the transverse directions, implying 
g{k' — uik) ~ (27r)^(5^^)(A:_L), and Ja = ^. 

Gonversely, for case (b), where the probe photons 
inherently probe the transverse structure of the pump 
beam, such that in general Y k^", we take into ac¬ 
count the full intensity profile of a focused Gaussian laser 
pulse, i.e., adopt g(x) = g(x). 

For case (c) we do not account for the transverse struc¬ 
ture of the Gaussian beam along one direction, say y, but 
fully take it into account in x direction. Hence, we adopt 
g(x) = g(a:)|y= 0 ; implying ky = ky, but generically k'^ Y 
kP for fi € {0,1, 2}. Here, we have g{k'—ujk) ^ {2n)6{ky), 
such that Y d^/V^P) ~ JLy = with L = L^. 
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As demonstrated below, in all of the cases (a)-(c) the 
induced x-ray photons are emitted in directions k' very 
close to the propagation direction k of the probe laser- 
beam, and hence fulhll d' <C 1. Within at most a few 
tens of /rrad the signal falls off rapidly to zero, and we 
havee^^^(fc') = (O, — cos(/3'— v?')i sin(/3'— 1 , 5 '), O) -I- O('d'). 
This implies that one can decompose the induced photon 
signal into photons polarized parallel, (/3^ = f — 

4> + (fi'), and perpendicular, {(3' = ^ — (j) + ip'), 

to the probe. In turn, Eq. m becomes (p' independent, 
and / dip' —>■ 27r. The term [4cosy'cosy-t-7sin 7 'sin 7 ]^ 
encoding the polarization dependence in Eq. (|6l), becomes 
(|) for the II (T) polarization mode. The T-polarized 
photons constitute the birefringence signal [^ . 

To obtain realistic estimates for the numbers of in¬ 
duced photons for a state of the art laser system, we 
assume the pump laser to be of the IPW class (pulse 
energy W = 30J, pulse duration r = 30fs and wave¬ 
length A = SOOnm) focused to wq = l^m. The associ¬ 
ated peak intensity is Iq = ; the effective focus 


area contains 86% of the beam energy (1/e^ criterioir). 
For the x-ray probe we choose uj = 12914eV (6457eV), 
for which the presently most sensitive x-ray polarime- 
ter 27| was benchmarked. The polarization purity of 


x-rays of these frequencies can be measured to the level 
of 5.7 • 10“^° (2.4 • 10“^°). In this letter we exclusively 
adopt oj = 12914eV as the birefringence signal is maxi¬ 
mized for large lo. Assuming also the probe beam to be 
well-described as a focused Gaussian beam of waist r, its 
divergence is given by 9[r) = Neglecting diffrac¬ 

tion and curvature effects for the probe beam in the ac¬ 
tual calculation is nevertheless well-justified as long as 
z_R.probe ^ z/j. Measuring r in units of Wq, i.e., r = pw^, 
we have = P^fi, implying that z_r, probe > z^ for 


P^ > 0. Generically, we find ^ < 0(10“^). 

We first focus on case (a), where r <C wq. In Fig. [3] we 
plot ^ ^ . Upon integration over /c' we obtain 



fc'[eV] 


FIG. 3: Plot of for case (a) as a function of A:(. The 

induced photon signal is peaked at = —u) and rapidly falls 
off to zero. We depict resnlts for different probe pulse du¬ 
rations T. The inlay shows a plot of the same quantity for 
T —>■ 00 {ipo = 0) over a wider frequency range, adopting a 
logarithmic scale. Here, the strongly suppressed contributions 
to be associated with frequencies « tu ± 2fl are clearly visible. 


verse momentum components. This can provide us with 
an additional handle to identify the induced photon sig¬ 
nal as we can search for T-polarized photons emitted 
outside the divergence of the probe beam (cf. Fig. H]), 
where the demand on the polarization purity is signifi¬ 
cantly lower due to the low photon background. Denot¬ 
ing the number of T-polarized photons emitted outside 
the beam divergence 0{r) as we consider probe 

beams of width r = pwo and exemplarily show results for 
p = 3. Identifying the cross section of the x-ray probe 
with a = tt^pwq)'^, for case (b) we obtain 


r[fs] 




00 

1.79 ■ 10"“ 

- 

63.1% 

500 

1.52 • 10"“ 

9.68 • 10"“/p^ 

72.1% 

30 

3.66 • 10"“ 

3.88 • 10-“/p2 

88.1% 


r[fs] 



00 

1.12 • 10"“ 

- 

500 

1.10 • 10"“ 

2.20 • 10"“ 

30 

4.16 • 10"“ 

1.39 • 10"“ 


Keeping all other parameters fixed, these results can be 
rescaled as to any other pump laser energy. Note 

that even the maximum ratio Ri 1.39 • 10“^^ ob¬ 
tained here for T = 30fs is too small to be confirmed ex¬ 
perimentally with currently available x-ray polarization 
purity 27[ (improvement by a factor of > 410 required). 

As to be expected, in scenario (b), where the probe 
photons sample the whole focus, the numbers of induced 
photons are lower. In this case the probe beam also senses 
the transverse structure of the focused pump, which may 
result in outgoing x-ray photons with nonvanishing trans- 


Analogously, setting L = 2pwQ for case (c) we find 


T[fsl 


aG)/a 


00 

6.38 • 10"“ 

- 

51.1% 

500 

6.11 • 10"“ 

1.22 • 10"“/p 

52.6% 

30 

1.95 • 10"“ 

6.50 • 10"“/p 

61.7% 


For case (b) we have ~ while it scales as i for 
case (c). Hence, especially for large probe beam widths 
(p > 1), case (c) is experimentally favored as it provides 
for the largest number of signal photons outside 9{pwo). 

Finally, we demonstrate that the T-polarized photons 
emitted outside 9{r) can be measured with state of the art 
technology. To do this, we stick to case (c) with T = 30fs 
and p = 3. The number of T-polarized photons scattered 
in directions > z?min can be estimated from Fig. H] as 
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FIG. 4: Plot of = Ztt fj° dui'uj'^ (^) 

and ^ = f dfcz Jp°° dcj'cu' for case (c) as a function 

of the emission angle i9'. For T — 30fs the two curves ba¬ 
sically fall on top of each other, and are well-approximated 
by nG)(^) = exp{-C( 9 ^)^} with ^ = 1.13. This profile 

is compatible with naive expectations: From ~ 7^ and 

Lu' Ri uj we might have guessed ~ = !)• For 

comparison, the intensity profile of a Gaussian probe beam of 
divergence 0(3m;o) is depicted in gray. 


A^^'^lnin ~ — erf(V 1.13 ^^”^°^ )], where erf(.) is the 

error function. Similarly, the number of probe photons 
outside dinin is = N[1 - erf)]. Here¬ 

from, we can determine the value of 'dmin for which the 
ratio ^ I , exceeds the polarization purity of the 
presently best x-ray polarimeter. We find that this is 
achieved for i?min > 19.50/rrad. For this choice we have 


Af, 


(-L) 


> 7.37 • 10 


-14 


such that, 


, .^1 -Lw , uiicuo, assuming the probe 

pulse to comprise N = 10^^ photons and a repetition rate 
of IHz, we expect to detect rs 265 _L-polarized 

photons per hour. Reducing the pulse energy of the pump 
to VF = 3J, while keeping all other parameters fixed, re¬ 
sults in the requirement i?min > 25.10^rad, for which 

> 4.77 • 10“^®. Due to the lower pulse energy, 
the repetition rate can be increased to lOHz, yielding 


W 


(-L) 

>l?n 


17 _L-polarized photons per hour. 


In conclusion, we have demonstrated that vacuum 
birefringence can be verihed experimentally with state 
of the art technology. The key idea to making this 
phenomenon experimentally accessible is to exploit the 
scattering of _L-polarized photons out of the cone of 
the incident probe x-ray beam. For the treatment of 
realistic laser fields, it is computationally efficient to 
reformulate vacuum birefringence as vacuum emission 
[ 2 ^, and employ new theoretical insights into photon 
propagation in slowly varying inhomogeneous fields [ 2 ^ . 
We are optimistic that our study can pave the way for 
an experimental verification of vacuum birefringence in 
an all-optical experiment. 
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Supplemental Material 


For completeness, we provide the explicit formulae used to determine the differential numbers of induced photons 
in this letter. As detailed in the main text, the pump laser is assumed to be of the IPW class (pulse energy W = 30J, 
pulse duration r = 30fs = 45.60eV“^, wavelength A = SOOnm and phase (po) focused to wg = l/^m = 5.06eV“^. The 
associated peak intensity is Ig = 2 = 8.74 • 10^®eV^ (the critical intensity is Ar = (^)^ = 7.43 • lO^^eV^), 

the Rayleigh range z/j = = 19.91eV“^ and the frequency = ^ = 1.55eV. The x-ray probe (frequency 

w = 12914eV) is assumed to deliver N = 10^^ photons per pulse. Correspondingly, the probe photon current density 
per area tr and time interval T is given by J = ^. We identify the parameter T with the pulse duration of the probe 
laser, and <j = 7 rr^ with the cross section of the probe laser beam at its waist r = pwg (diameter L = 2pwg), measured 
in units of wg. Moreover, we set the time delay between the pump and probe laser pulses to zero, i.e., tg = 0, such that 
the two laser pulses have an optimal temporal overlap and the effect is maximized. For the most general situation, 
i.e., whenever we account for a finite probe pulse duration T {T = 30fs = 45.60eV“^ and T = SOOfs = 760.00eV“^), 
we limit ourselves to the dominant terms, which are independent of the pump frequency fl. The explicit expression 
for the differential numbers of induced photons in the case (a) is 


(a) : 


dAf(-L) N 


Ig T T\2 


dkL 


T 




w V 30 /cr 2 ^-” 2 






E 

i=±l 


)■ 

[2(2) ‘^+4(0 \K\+itg- 2 ht 


X e 






0^ 


1 -I- erf ( -12—2 


lmnuJ-\K\)+^tg\-2^n 




( 8 ) 


where 0(.) is the Heaviside function and erf(.) is the error function. For the other two cases considered in this letter 
we obtain 


(b): 
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with i?' G [0 ... tt), and 

d 2 ^(-L) pf ,.,/2 
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where now D' G [0... 27r). For case (a) we exemplarily also give the result for a plane wave probe (attainable in 
the limit T m oo) including the subleading contributions associated with the absorption/emission of two pump laser 
photons of frequency 12. In this limit, the differential numbers of induced photons is 


(a) 


T-)- 


T diV(-L) 
^ ' N dkL 









































